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Abstract. The aim of the present paper is to provide an intrinsic in-
vestigation of special Finsler spaces of Hj-scalar curvature and of H,-
constant curvature. Characterizations of such spaces are given. Sufficient
condition for Finsler space of H)p-scalar curvature to be of perpendicular
scalar curvature is investigated. Necessary and sufficient condition under
which a Finsler space of scalar curvature turns into a Finsler space of
Hp-scalar curvature is shown. Further, certain conditions under which a
Finsler manifolds of Hj-scalar curvature and of scalar curvature reduce
to a Finsler space of Hj,-constant curvature are obtained. Finally, various
examples are studied and constructed.
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1 Introduction

In Riemannian geometry, the study of the Riemannian manifolds of scalar curvature
was very fruitful. It has been contributed in classifying lots of Riemannian manifolds.
For example, the special manifolds of constant curvature —1,0,+1. The concept of
scalar curvature was extended to Finsler geometry. Most of the special spaces are
derived from the fact that the tensor fields (torsions and curvatures) associated with
a linear connection can be given in special forms. In Riemannian geometry there exist
a unique linear connection, that is, Levi-Civita connection. But in Finsler geometry
there are lots of linear connections, for example, Cartan connection , Berwald connec-
tion, ...etc. Consequently, the special Finsler spaces are more numerous than those
of Riemannian geometry. Special Finsler spaces are investigated locally (using local
coordinates) by many authors, see for example ([2], [6], [7], [8], [9], [10], [11], [17]).
On the other hand, the global (or intrinsic, free from local coordinates) investigation
of such spaces is very rare in the literature. Some considerable contributions in this
direction are [16], [22] and [19].
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In a recent paper [22], some characterizations of a Finsler space of scalar curvature
are investigated. Also, necessary and sufficient conditions under which a Finsler space
of scalar curvature reduces to a Finsler space of constant curvature are shown.

The present paper is a continuation of [22] and [19], where we provide an intrin-
sic investigation of some important special Finsler manifolds related to the Berwald
curvature tensors namely, Finsler manifold of H-scalar curvature and of Hp-constant
curvature.

In [17], Yoshida introduced, locally, the notion of Finsler space of H,-scalar cur-
vature. In this paper, we study, in a coordinate-free fashion, the Finsler spaces of
Hp,-scalar curvature and Hp-constant curvature. We give a characterization for any
Finsler manifold to be of Hp-scalar curvature. We find a sufficient condition under
which a Finsler space of Hp-scalar curvature is of perpendicular scalar curvature.

Section 3 is devoted to focus on the Finsler spaces of scalar curvature and constant
curvature. Necessary and sufficient condition under which a Finsler space of scalar
curvature is of Hjp-scalar curvature is given. We show that every Finsler space of
constant curvature is of Hjp-scalar curvature. The converse is true only in some
specific cases, for example, see Theorem 3.6. But, generally, not every Finsler space
of Hy-constant curvature is of Constant curvature, see Section 4 (Example 6).

In Section 4, we study various examples. Some of these examples are mentioned
in the literature, but in different contexts. And some examples are constructed, for
instance Example 5.

It should finally be noted that the present work is formulated in a prospective mod-
ern coordinate-free form. Moreover, the outcome of this work is twofold. Firstly, the
local expressions of the obtained results, when calculated, coincide with the existing
local results. Secondly, new coordinates-free proofs have been established.

2 Notations and preliminaries

In this section, we give a brief account of the basic concepts of the pullback approach
to intrinsic Finsler geometry necessary for this work. For more details, we refer to
(1, 13, 14, 15, 16].

Throughout, M is a smooth manifold of finite dimension n. The R-algebra of
smooth real-valued functions on M is denoted by C*°(M); X(M) stands for the
C*°(M)-module of vector fields on M. The tangent bundle of M is mpr : TM — M,
the subbundle of nonzero tangent vectors to M is w# : TM — M. The vertical
subbundle of TTM is denoted by V(T'M). The pull-back of TM over 7 is P :
7Y TM) — TM.

The sections of 7~}(T'M) will be called m-vector fields and will be denoted by
barred letters X. Tensor fields on 7~ !(TM) will be called 7-tensor fields. The
fundamental 7-vector field is the m-vector field 7 defined by 7j(u) = (u,u) for all
ueTM.

We have the following short exact sequence of vector bundle morphisms:

0— aYTM) L T(TM) 25 7= Y(TM) — 0.

Here p := (w7, ms), and 7 is defined by y(u,v) := j,(v), where j, is the canonical
isomorphism from 7}, M onto T(Tx,,yM). Then, J := o pis a vector 1-form

M (v)
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on T'M called the vertical endomorphism. The Liouville vector field on T'M is the
vector field defined by C' := vy o7, 7j(u) = (u,u), u € TM.

Let D be a linear connection (or simply a connection) on the pullback bundle
7~ Y(TM). The connection (or the deflection) map associated with D is defined by

K:TTM — 7= }(TM) : X — DxTj.

A tangent vector X € T,,(TM) at v € TM is horizontal if K(X) = 0. The vector
space H,(TM) = {X € T,(TM) : K(X) = 0} is called the horizontal space at w.
The connection D is said to be regular if

T.(TM) = Vo (TM) & Hy(TM)  Yue TM.
Let 8 := (p|H(7—M))_1, called the horizontal map of the connection D, then

poﬁ:idﬂ.—l(TM)’ ﬂOpZidH(TM) on H(TM)

h
For a regular connection D, the horizontal covariant derivative D and the vertical

v
covariant derivatives D are defined, for a vector (1)w-form A, for example, by

(D A)X.Y) = (DyxA)Y), (DAX,Y) = (D,xA)Y).

The (classical) torsion tensor T (resp. the curvature tensor K) of the connection
D are given by
T(X7Y) = DXPY - Dpr - p[X7 Y]a

K(X,Y)pZ = —DxDypZ + Dy DxpZ + D|x y|pZ,

for all X,Y,Z € X(TM). The horizontal ((h)h-) and mixed ((h)hv-) torsion tensors
are defined respectively by

QX,Y) = T(6X, 8Y), T(X,Y):=T(\X,0Y) VX,V € X(x(M)).

and the horizontal (h-), mixed (hv-) and vertical (v-) curvature tensors are defined
respectively by

R(X.V)Z = K(6X,5V)Z, P(X,Y)Z = K(X,AV)Z, S(X.V)Z:=K(HX,7)Z.

The (v)h-, (v)hv- and (v)v-torsion tensors are defined respectively by

~ ~ ~

R(X,Y):=R(X,Y)5, P(X,Y):=PX., V)5 SXY):=5X7Y)i

For a Finsler manifold (M, L), we shall denote by D° the Berwald connection on
the pullback bundle.

Theorem 2.1. [18] Let (M, L) be a Finsler manifold. There exists a unique regular
connection D° on 7= (T M) such that

(a) DpoxL =0,
(b) D¢ is torsion-free: T° =0,
(¢) The (v)hv-torsion tensor P° of D° vanishes: Z/D\O(Y, Y)=0.

Such a connection is called the Berwald connection associated with the Finsler
manifold (M, L).
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3 Finsler spaces of H,-scalar curvature

In this section, we investigate (intrinsically) some important special Finsler spaces
related to the Berwald curvature tensors namely, Finsler spaces of H,-scalar curva-
ture and of H,,- constant curvature. Characterizations of such spaces are obtained.
Relation between Finsler spaces of Hj-scalar curvature and of perpendicular scalar
curvature is investigated.

Throughout, for given Finsler manifold (M, L), g denotes the Finsler metric on
7 Y(TM) and V denotes the Cartan connection. Also, T stands for the Cartan

[

tensor, R and R for the h-curvature and (v)h-torsion of Cartan connection,R andR

o

for the h-curvature and (v)h-torsion of Berwald connection, and H := iR for the
deviation tensor. Moreover, ¢ := L™ 'igzg, ¢(X) := X — L7Y(X)7 and W(X,Y) :=

- — . h v
9(6(X),Y) = g(X,Y) — 4(X){(Y) the angular metric tensor. Finally, D° and D°
will denote respectively the horizontal covariant derivative and the vertical covariant
derivative associated with D°.

We begin with the following definitions and results of [22] which are useful for
subsequent use.

Definition 3.1. [19] A Finsler manifold (M, L) of dimension n > 3 is called of scalar
curvature k if the deviation tensor H satisfies

H(X) = kL?¢(X),

where k(x,y) € C®°(TM) is a positively homogenous of degree zero in y (x € M and
y € T, M). Especially, if the scalar curvature k is constant, then (M, L) is called a
Finsler manifold of constant curvature.

Definition 3.2. [19] Let P be the projection operator of indicatrix (or simply, pro-
jection operator) and ¢(X) := X — L=(X)7. If w is a 7-tensor field of type (1,p),
then P - w is a 7-tensor field of the same type defined by:

(P-w)( X1,y Xp) = O(w(d(X1), oory 9(Xp)))-

Similarly, if w is a 7-tensor field of type (0,p), then P - w is a m-tensor field of the
same type defined by:

(7) ' W)(Yl, "'7Y;D) = OJ((Zs(Yl), ) d)(yp))
Moreover, for any w-tensor field w is called an indicatory tensor if P - w = w.

Theorem 3.1. [22] A Finsler manifold (M, L) is of scalar curvature k if, and only,

if the h-curvature R satisfies !

REXYV)Z = A (o(MUDRT) + SCHX) + 1 BHZ,X)
+§£(Y)c’“(?) +kWZ,X)} + %z(f)ck(?m(?)
+L WX, Z)7 kYY) + %C’“(?)]},

19l7Y7 {w(Y, ?)} =w(X,Y) - wY,X)
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where CH(X) = L(D° k)(X), BF(X,Y) := L(P- D° C*)(X,Y), and D° is the
vertical covariant derivative associated with D°.

Theorem 3.2. [22] A necessary and sufficient condition for a Finsler manifold of
scalar curvature k to be of constant curvature is that the w-scalar form C* (or BF)
vanishes.

Remark 3.3. One easily show that the m-tensor fields ]3, T, ¢, h, C* and B* are
indicatory tensors, and that P - £ vanishes identically.

Now, we are in a position to introduce the definition of Finsler spaces of H)-scalar
curvature.

Definition 3.4. A Finsler manifold (M, L) of dimension n > 4 is called of Hp-
scalar curvature (or, simply H,-sc) € if the h-curvature tensor of Berwald connection
R satisfies .

(PR)X,Y,Z,W) = Az vy {M(X,2)nY, W)},
where e(z,y) € C°(T M) is a positively homogenous of degree zero in y. Especially,
if the H,-scalar curvature ¢ is constant, then (M, L) is called a Finsler manifold of

Hp-constant curvature (or, simply H,-cc). Moreover, if the H,-scalar curvature ¢
vanishes, then (M, L) is called a Finsler manifold of vanishing Hy-scalar curvature.

Now, we investigate intrinsically a characterization for a Finsler spaces of H,-sc.

Theorem 3.3. A Finsler manifold is of Hy-sc k, if and only if the h-Berwald cur-

vature R has the form

o

R(X,Y,Z,w) = L “{WZ)RX,Y,W)—t(W)R(X,Y,Z)}
U AL UX){R(Z,W,Y) — T(H(Z),W,Y) + T(H(W),Z,Y)
(3.1) ~T(H(Y),Z,W) - (DzP)(Z,W,Y)}
—L {R@, X, 2 )W) + R@, Y, W)UX)U(Z) — kL*W(X, Z)W(Y ,W)}},

where P is the (v)hv-torsion of Cartan connection V

~ ~

RX.Y.Z) = g(R(X.Y).Z) and T(X,Y.7) = (T(X,Y), Z).

To prove this theorem, we need the following two lemmas.

Lemma 3.4. [20] The h-curvature tensor R of the Berwald connection has the prop-
erties:



The geometry of Finsler spaces of Hp-scalar curvature 259

Lemma 3.5. The h-curvature tensor R of the Berwald connection satisfies

R(X,Y,Z,W) =R(Z,W,X.Y) + (D% P)(X,Z,W) - (D° P)(Z,W,Y)

A~ — — A~ — — A~ — —

A~ - — o~ —

T(R(Z,W),Y,X) — T(R(X Y) Z, W)
Proof. The proof is a direct consequence of Lemma 3.4. |

Proof of Theorem 3.3: Applying the projection operator P on the h-curvature
tensorR taking into account definition 3.2 and Lemma 3.4, we obtain

PRYX,Y,ZW) = RZW,X,Y)- L {t (W)ér X.Y,Z,7) + (ZR(X,Y,7,7W)}
VR, 5,7, W) + E(X)R(n, Z.W)}
(3.2) +L*2PT(Y, 7, Z, (Y ) (W) +R(X 7,7, WY U(Z)
R,V 2, ) (OT) R, T, 7, W)UTZ)}

On the other hand, from Lemma 3.4 and Lemma 3.5, we obtain

R@Y,Z,W) = R(ZW,Y)— (Ds;P)(ZW,Y)+T(HW),Z,Y)
7T(H(7)a ?7 W) - T(H(?),Z, W)
R@.Y,Z7) = —R@Y.,Z)=gH(Y),Z)
R(X,7,1,Y) = —-R(®X,Y).

Now, if (M, L) is a Finsler manifold of H,-sc k, then Equation (3.1) is satisfied.

Conversely, suppose that (M, L) is a Finsler manifold satisfying Equation (3.1).
Then, by applying the projection operator P on Equation (3.1) taking Remark 3.3
into account, one can deduce that (M, L) is of Hp-sc k. O

In view of Theorem 3.3 and Remark 3.3, we have
Corollary 3.6. In a Finsler manifold of H,-sc, we have
(a) R(X. V.2, W) +R(X, Y. W, Z) = 2L Y Ux v {(DgP)(Z,W.Y) + T(H(X), Z,W)}

(b) (P )(Y,?, ZW)+ (PR)Y(X,Y,W,Z)=0
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Remark 3.5. In Definition 3.4, if we replace the h-curvature tensor R of Berwald
connection by the h-curvature tensor R of Cartan connection, then (M, L) is called
of perpendicular scalar curvature €.

Let us define the following tensor:

(33)  QX.Y.ZW):=g(P(X,W),P(Y,Z)) - g(P(X,Z), P(Y,W)).
Theorem 3.7. If Q(X,Y,Z, W) = q{W(X,Z)W(Y,W) - (X ,W)h(Y,Z)} holds,
then the Finsler manifold of Hy,-sc k is of perpendicular scalar curvature (k — q).

Proof. By [20], we have
é(Y, Y)Z=R(X.,Y)Z-T(R(X.Y).Z) - % {(V;xP)Y.2) + P(X,P(Y,Z))}.
3. Y

From which together with (3.3), taking into account the facts that R(X,Y,Z, W) =

—(X,Y,W,Z) and g((V4xP)(Y,Z),W) = g((V3xP)(Y, W), Z), we obtain
o 1 o _ o _ __ __ _ o
RX,Y,Z, W)= i{R(X,Y, Z,W)-R(X, YW, 2)} - Q(X,Y,Z,W).
Applying the projection operator P on both sides of the above relation and using

Remark 3.3, one can deduce

1 o o o
(P-R)(X,Y,Z, W) = A(PR)(X,Y,Z, W)~ (PR)(X,Y, W, 2)} —Q(X,Y, Z,W).
Now, if (M, L) is a Finsler manifold of Hy-s.c. k and using the given assumption for
Q, we get

(P-R)(X,Y,Z,W) = (k — q) {h(X, 2)W(Y, W) — i(X,W)h(Y,2)},

hence the Finsler manifold (M, L) is of perpendicular scalar curvature (k — q). O

4 Finsler spaces of scalar curvature and H,-sc

Here, the necessary and sufficient condition under which a Finsler manifold of scalar
curvature turns into a Finsler manifold of H,-scalar curvature is investigated. More-
over, certain condtions under which a Finsler manifolds of Hj-scalar curvature and
of scalar curvature reduces to a Finsler manifold of H,-constant curvature or to a
Finsler manifold of vanishing H,-scalar curvature are obtained.

Theorem 4.1. Let (M, L) be a Finsler manifold of scalar curvature k of dimension
n > 4. Then, (M, L) is a Finsler manifold of Hy-scalar curvature € if, and only if,
B¥(X,Y) = al(X,Y), where a = 3(c — k).

Proof. Suppose that (M, L) is a Finsler manifold of scalar curvature k of dimension

n > 4. Hence, by Theorem 3.1, the h-curvature tensorR has the form
= = — . S 1 S
RX,)Y,Z,W) = Az {W(Y, W){U(Z)[k(X)+ gc’“(X)] + gBk(Z7X)

+20X)CH(Z) + kh(Z, X)) + %e@ck (V)h(Z,77)

[GCRN N}

L R(R, Z)00) [k0(T) + %c’f(?)]}.
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Applying the projection operator P on both sides of the above equation, taking Re-
mark 3.3 into account, we have

(41 (PR(X,Y,Z,W) = Ag (1Y, W){%B’“(Z X) + kh(Z, X))

Now, if (M, L) is a Finsler manifold of H),-scalar curvature €, then by Definition
34

(4.2) (P R)(X,Y,Z,W) = e 5 v {h(X,Z)(Y,W)}.

Hence, from (4.1) and (4.2), we get

. 1 I I
en(Z,X) = gB’“(Z,X) + kh(Z,X)

—~

Consequently,
(4.3) B*¥(X,Y) =3(c — k)A(X,Y) = ai(X,Y).

Conversely, suppose that the m-scalar form B¥ is given in the form (4.3), then,

using Equation (4.1), one can show that the h-curvature tensorR has the form
(P R)(X,Y,Z,W) = gy {H(X, Z)R(Y, W)}

Therefore, from Definition 3.4, (M, L) is a Finsler manifold of Hp-scalar curvature.
O

Proposition 4.2. A Finsler manifold of constant curvature k of dimension n > 4 is
a Finsler manifold of Hy-constant curvature € = k.

Proof. If (M, L) is a Finsler manifold of constant curvature k of dimension n > 4,
then the 7-forms C* and B* vanish. Hence, by Theorem 3.1, the h-curvature tensor

R has the form

o

RX,)Y,Z,W) = gy {kh(Y W{UZ2)U(X)+WZ,X)} + kL™ WX, Z2)(W) (Y )}

Applying the projection operator P on both sides of the above Equation, taking the
fact that the angular metric tensor A is indicator and P - £ = 0 (Remark 3.3) into
account, we obtain

(PR)(X,Y,Z,W)=k%g v {W(X, 2)W(Y, W)} .
Therefore, (M, L) is a Finsler manifold of H,-constant curvature € = k. O

Remark 4.1. The converse of the above proposition dose not hold, in general.

Proposition 4.3. Let (M, L) be a Finsler manifold of scalar curvature k. If (M, L)
is of Hp,-scaler curvature €, then we have

(a) 3C* =2CF,
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(b) 3B° = 2B,
(c) 345 =24k,

v v
where A := LP- D° Bs, A¥ .= L'P- D° B*. Moreover, the above assertions are
equivalent.

Proof. (a) Suppose that (M, L) is a Finsler manifold of scalar curvature k and of
Hp,-scaler curvature €. Then, by Theorem 4.1, we have

B¥(X,Y) = 3(c — k)W(X,Y).
Taking the vertical covariant derivative on both sides of the above equation, we get

(D° BM(Z,X,Y) = 3(D° e— D° K)(Z)h(X,Y) +3(c — k)(D° h)(Z, X, Y).

Applying the projection operator P on both sides of the above equation and multi-
plying the resulting by L, we obtain

L(P-D° BYZ,X,Y) = 3L(P-D°=—P D° k)(Z)(P-h)(X,Y)

+6L(e —k){P- (T - L 'ho0)}(Z,X,Y).
In view of Remark 3.3, the above equation reduces to
(4.4) A*Z,X,)Y) = 3{C(Z) - CH2Z)X,Y)+6L(c —kK)T(Z,X,Y).
On the other hand, using Lemma 3.1 of [22], we have

Uy {A(X,Y,2) + C*(X)n(Y,Z)} =0,
Now, from which together with (4.4), it follows that
Uy {{30°(X) — 20%(X)}o(Y)} =0,
Taking the contracted trace with respect to Y, we obtain
(n —2){3C¢(X) —2C*(X)} = 0.
Hence,
(4.5) 30° =20% (as n > 4).
(b) Taking the vertical covariant derivative on both sides of (4.5), we get
3D° C° =2 D° C*.

Applying the projection operator P on both sides of the above equation and then
multiplying by L, we obtain

3B° =2B".

(c) The proof can be done in a similar manner as the proof of (b).
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Now, we prove the equivalences.
(a) =(b) =-(c): The proof is obvious.
(c) =(a): Suppose that 34° = 2A* holds. Hence, using Lemma 3.1 of [22], we have
g 5 {{3C°(X) — 20" (D)W(T, 2)} = 0
From which, the result follows. |

Lemma 4.4. [22] A Finsler manifold of scalar curvature k is of constant curvature
if, and only if, P - F =0, where F is the w-form defined by

FXY) = % (B(X.,Y) +20(X)(V)}.

Theorem 4.5. Let (M, L) be a Finsler manifold of scalar curvature k. If (M, L) is
of Hy-scaler curvature €, then, the following properties are equivalent:

(a) e=k.

(b) (M, L) is of constant curvature k.
(c) (M, L) is of Hy-constant curvature €.
(d) P-F=0

Proof. Assume that (M, L) is a Finsler manifold of scalar curvature k and of Hp-scaler
curvature €.
(a) <= (b): By making use of Theorem 4.1, we get

(4.6) B¥(X,Y) = 3(c — k)W(X,Y).
Now, if (M, L) is of constant curvature k, then
B*¥X,Y)=0

From which together with (4.6), it follows that € = k.

Conversely, If (M, L) is a Finsler manifold of scalar curvature k and of H,-scaler
curvature £ with € = k. Then due to (4.6), B* vanishes. Hence, by Theorem 3.2,
(M, L) is of constant curvature k.

(b)<=(c): Firstly, suppose that (M, L) is a Finsler manifold of scalar curvature k
and of H,,-scaler curvature €. If (M, L) is of constant curvature k, then, by Theorem
4.5, it follows that € = k. Hence, (M, L) is of Hp-constant curvature.

Conversely, If (M, L) is a Finsler manifold of H,-constant curvature e. Then, C®
vanishes. Hence, by Proposition 4.3, C* vanishes. Consequently, by Theorem 3.2,
(M, L) is of constant curvature k.

(b)<=(d): This is a direct consequence of Lemma 4.4. O

Theorem 4.6. Let (M, L) be a Finsler manifold of scalar curvature k. Then, (M, L)
is of vanishing H,-scaler curvature if, and only if, P- N =0, where N is the w-form
defined by

NE.Y): = k{gX.Y)+ X))}
5 {BX.Y) + 20(X)CF) +20(X)UT)}
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Proof. If (M, L) is a Finsler manifold of scalar curvature k. Then, by Theorem 3.1,
we have

4n (P R(X,Y,Z,W) = Ag (1Y, W){%B’“(Z X) + kh(Z, X))
On the other hand, by using the definition of N, we obtain

(P N)X,T) = égk(z X) + kh(Z, ).
From which together with (4.7), we get

(4.8) (P-R)(X,Y,Z) = Ag {6(Y)(P - N)(Z, X)}.
Now, if (M, L) is of vanishing H,-scalar curvature, then , from (4.8), it follows that

Uz (V) (P-N)(Z, X)}-

Taking the contracted trace with respect to Y, the above relation reduces to
(n—2)(P-N)(Z,X)=0.

Consequently, as n > 3, P - N vanishes.
Conversely, If (M, L) is a Finsler manifold of scalar curvature k such that P-N = 0.

Hence, from (4.8), P -R vanishes. Consequently, (M, L) is of vanishing H,-scalar
curvature. O

5 Examples

In this section, we study various examples. Although the definition of the H)p-scalaer
curvature manifolds requires that n > 4, we focus our attention to special cases of
Example 5 with lower dimensions. This is only to show that the converse of some
implications are not, generally, true. For instance, in Example 5, when n = 2 we show
that the converse of Proposition 4.2 is not generally true. That is, not every Finsler
manifold of Hy-constant curvature is of constant curvature. Also, in dimension 3, we
show that not every Finsler manifold of Hp-scalar curvature is of scalar curvature.

Example 5.1. [4] The family of Riemannian metrics

I VI + p(lzPly? = (z,)?)
! 1+ plz|?

, x €B"(ry), y € T,B"(r,) =R",

where |.| and (.,.) are the standard Euclidean norm and inner product in R", r, =
1/v/=pif 4 <0 and r, = oo if y > 0. This class is of constant curvature p. So it is
also of Hj,-constant curvature u. As a verification, we have the following. The spray
coefficients G* of L,, are given by

i iz, y) Y
L+ plzf?™
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From now on, (z%,y*) stands for the induced coordinates on the TM and we denote
by 0; and d; the partial differentiation with respect to the coordinates z¢ and Yy’
respectively.

Firstly, we compute the coefficients Gé- of the non linear connection. Since, Gé- =

9;G, we have

G Y0 £ (@)
A R
The the coefficients G;- = 8'ng of Berwald connection are given by
3765@5}; + ,T[(Sgk&;
1+ plaf?

%

gk = —H

To calculate the components R’ jk of the h-curvature of Berwald connection, we com-
pute first the following
(1+ plal*) (6,0 + 5k d}) — 2u(x“ 050}, + & Sexd} )™

(14 plz|?)? '

Now, using the formulae
Ry =W {6,Gih + GL Gy, 0, = O, — N1,
we have .
Ry i = 1(gnkd; — gnjoy)-
Applying the projection operator on Rhi ks We get

P Ry i =Ry jihahhehi = p(hachy — gaphe),
where h;; is the angular metric. This gives € = p.

Example 5.2. [12] The Funk metric on the unit ball B” in R™ is given by

Lo VP = (2Pl = (z.9)) | (@y)
1—|z|? 1—|z|?

The Funk metric has constant curvature k& = —i
1

1

and hence has Hp-constant curvature

Example 5.3. [5] The class

Ly = __lay) o222, .., 2"), 2= (1 + (a,2))y" — {a,y)a’
(1+{a,z))? (a,y)
where a = (a',a?,...,a") is a constant vector in R" and ¢ is an arbitrary function in

the sense that Ly is a Finsler function. The spray coefficients are given by

i_ ey
o= 1+ {a,z)” "
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The class Ly is a class of Finsler metric of zero constant curvature and hence it is
also of zero Hp-curvature. As in Example 1, straightforward calculations lead to the
following.

y'a'de; + (a,y)d} ; a'y;0} + a6 0}

) jk::_ru’

G' =

1T 1+ (a, 3) 1+ {a,z)
; (a’64;6L + a8 6)a™ 0 2 i
ahG]k - Ik J 5 Rh ]k} - 0

(1 + (a,))?
Consequently, applying the projection operator on Rhi jk gives
which means that ¢ = 0.

Example 5.4. [3] Let M = B"(1/+/]al).

VA = JaPaDy? + (=*{a, y) — 2(a, 2) (z,9))? — (|2[*(a,y) — 2(a, 2){z,y))
1 — |af?|z|*

L=

L is a Finsler metric of scalar curvature k = 3% + 3(a, z)? — 2|al?|x|2.
Now to decide whether the space (M, L) is of H,-scalar curvature, we have to
calculate the tensor k;; := FO0;(F0;k).

Fa; — {(a,y){;

Oik = 3—=—

Hence,

(a,y
F2

kij = —3ai€j — 3 >h”L]

Applying the projection operator on k;;, we have

By =P - kij = kaphlht = -3 <“1;y> hij.

Therefore, by using Theorem 4.1, the space (M, L) is of Hp-scalar curvature. Here
the Hp-scalar curvature ¢ is given by

2
e = % + 3(a, )% — 2|al?|z[2.

Example 5.5. Let M = R" and
L= fzh)lyl,

where f(x!) is an arbitrary smooth positive function on R and |y| is the standard
norm on R”. The metric tensor is given by

gi; = f(@")?6i5, g7 = f(&")7267, hi = F@")?(|yl6i; — viy;))-



The geometry of Finsler spaces of Hp-scalar curvature 267

The Berwald connection is given by

Gl = ¢(x")(01:0) + 61,6, — 6:;61),  d(x') = fat) =
By differentiating G?j in the following sense

WGy = ¢ (x")01k(61:0) + 61507 — 6;501), ¢/ (2') = — =
the h-curvature of Berwald connection is given by

Ry =5 {¢ (01501,0p + 010161) + ¢ (61615 + 01561607 + 6150107 }.

In dimension 3, by using Maple program and NF-package [21], one can see that the
space (M, L) is not of scalar curvature. But it satisfies the condition of the Hp-scalar
curvature. Namely,

S 1 S a 1 a
PR/ =R ca = — 75 (0 (6" + (0°)) + 0(y")*) (Wt — hihie).
Hence, e = —75(¢'(((4%)* + (4°)%) + 6(y')?).
In dimension 2, by using Maple program and NF-package, one can see that the

space (M, L) is of scalar curvature k = % But applying the projection operator
on the h-curvature gives

Hence, ¢ = 0. This case shows that the converse of Proposition 4.2 is not generally
true.
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