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ABSTRACT

The frequency-locking area of harmonic and subharmonic ( 1
2
, 1

3
) solutions in a fast harmonic

excitation Mathieu-Van der PolDuffing equation is studied. A perturbation technique is then
performed on the slow dynamic near the harmonic and subharmonic ( 1

2
, 1

3
) solutions, to obtain

reduced slow flow equations governing the modulation of amplitude and phase of the corresponding
slow dynamics. Results show that fast harmonic excitation can change the nonlinear characteristic
spring behavior from softening to hardening and causes the entrainment regions to shift. Numerical
solutions are represented the analytical results.
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1 INTRODUCTION

In this paper, we study the effect of a fast
harmonic excitation(FHE) on the entrainment
area of the harmonic and subharmonic solutions
of order ( 1

2
, 1

3
) to a Mathieu-Van Der Pol-Duffing

solution. Entrainment or frequency-locking
phenomenon was investigated by many authors.
Advances in micro fabrication technology have
enabled the design and fabrication of Micro-
Electro- Mechanical Systems(MEMS) devices
in favor of multitude engineering fields that
include telecommunications, radar systems, and
personal mobiles. While providing improvements,
more advanced solutions were desired for
broadband performance, and the exploitation of
nonlinearity became a subsequent focus. To
date, a number of nonlinear energy harvesting
studies have been conducted, mostly focusing
on the mono stable Duffing [1, 2]. Sebald et
al. [3] described a similar technique whereby
an impulsive voltage could be applied in the
harvesting circuit to achieve the same objective.
Among the numerous actuation methods for
MEMS devices is electrostatic actuation, which is
the most well established technique because of
its simplicity and high efficiency [4]. Their design
is appropriate for highly tunable 4 microbeams,
which offer minimal packaging constraints,
low-power consumption, low damping, ease
of parameter tuning, and relatively simple
integration with electronics. Rhoads and co-
workers [5, 6] described a filter design based
on the nonlinear response of parametrically-
excited MEMS oscillators that have significant
potential in many communications applications.
Alsaleem et al. [7] investigated the nonlinear
phenomena, including primary resonance,
superharmonic and subharmonic resonances,
in electrostatically actuated resonators both
experimentally and theoretically. Harmonic,
subharmonic and super-harmonic resonance of
weakly nonlinear dynamical system subjected
to external excitation, parametric excitation
or both are investigated by Elnaggar et al.
[8]. Zhang and Tang [9] investigated the
chaotic dynamics and global bifurcations of
the suspended inclined cable under combined
parametric and external excitations.A theoretical
discussion and some numerical results relating
to a nonlinear state designed for shallow cable
vibration are presented and studied by Faravelli

and Ubertini [10]. Pandey et al. [11] studied
the entrainment in a MEMS to a limit cycle by
using the perturbation analysis, also [12] studied
frequency-locking in a forced Mathieu van der Pol
Duffing system near the principal resonances and
provided application in optically driven MEMS
resonators. Belhaq [13, 14] investigated 2:2:1
solutions in quasi periodic Mathieu equation.
Mohamed et al. [15] 2:1 and 1:1 solutions in
Mathieu-Van-der-Pol-Duffing oscillator.

2 PERTURBATION ANALYSIS

In this paper, we study the mathematical model
is represented the dynamical behavior of this
micro dynamical system is the following weakly
nonlinear second order differential equation

x′′ + ω2
ox− ε(α− ξx2)x′ − εhx cos(Ωt)+

ε(α1x
2 − α2x

3 + α3x
4)− εF1 cos(Ωt)

− εF2(−1

2
x2 +

1

24
x4) cos(Ωt) = 0

(2.1)

Eq.(2.1) is a generalized Mathieu-Van der
PolDuffing equation subjected a weakly nonlinear
parametric excitation and external excitation [15],
ε is a small parameter ε � 1, ωo is the
linear natural frequency, Ω is frequency of the
external excitation, where damping α, ξ, α1, α2

and α3 are the coefficients of the nonlinear terms,
excitation amplitudes. h, F1 and F2 are constants
represents the coefficient, of linear parametric
and nonlinear parametric excitation and external
excitation, respectively. Let

x(t; ε) = xo(To, T1)+εx1(To, T1)+O(ε2), Tn = εnt,
(2.2)

where To = t is the first scale associated with
changes occurring at the frequencies ωo and
Ω , and T1 = εt is a slow scale associated with
modulations in the amplitude.

d

dt
= Do + εD1 + ...,

d2dt2

=
D2
o + 2εDoD1 + ...,

(2.3)

where Dn = ∂
∂Tn

. Substituting Eqs.(2.2) and
(2.3) into Eq.(2.1) and equating terms with the
same power of on both sides, we obtain a system
of linear partial differential equations

O(1) : D2
oxo + ω2

oxo = 0 (2.4)
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O(ε) : D2
ox1 + ω2

ox1 = −[2D0D1xo + (−α+ ξx2
o)D1xo + α1x

2
o

+ (−F1 − hxo +
1

2
F2x

2
o −

1

24
F2x

4
o) cos[ΩTo]]

− α2x
3
o + α3x

4
o

(2.5)

The solution of Eq.(2.4) can be expression the form

xo(To, T1) = A(T1)eiωoTo + Ā(T1)e−iωoTo , (2.6)

where A is the amplitude of the response and is a function of T1 and Ā is the complex conjugate of
A, substitute Eq.(2.6) into Eq.(2.5), we get

D2
ox1 + ω2

ox1 = −eiωoTo(−iαAωo − 3A2α2Ā+ iξA2ωoĀ+ 2iωoA
′)

− 2Aα1Ā− (−F1

2
+

1

2
AF2Ā−

1

8
A2F2Ā

2)eiΩTo

+
1

2
hĀei(Ω−ωo)To − 6A2α3Ā

2 +
1

48
F2Ā

4ei(Ω−4ωo)To

+ (
1

4
F2Ā

2 − 1

12
AF2Ā

3)ei(Ω−2ωo)To +NST.+ c.c,

(2.7)

whereNST denotes the terms does not produce secular terms and c.c denotes the complex conjugate.
Any particular solution of Eq.(2.7) contains secular terms, which are generated by the first term on the
right-hand side of Eq.(2.7). Moreover, it may contains small-divisor terms depending on the solution
condition. Eq.(2.7) contain harmonic solution and two cases subharmonic solutions (Ω ≈ nωo);
n = 1, 2, 3. In this paper we restricted our attention to harmonic and two cases of subharmonic
solutions of order ( 1

2
, 1

3
).

3 HARMONIC SOLUTION (Ω ≈ ωo)

In this section, we study harmonic solution of Eq.(2.1) i.e periodic solution with period equal to the
period of the excitation term (Ω ≈ ωo). Introducing the detuning parameter σ to convert the small
divisor term into secular term in Eq.(2.7) i.e

Ω = ωo + εσ (3.1)

Eliminating the secular terms, we get

iαAωo − 2iωoA
′ + 3A2α2Ā− iξA2ωoĀ+ λeiσT1 = 0, (3.2)

where λ = 1
2
(F1 − (Ā− 1

4
A2Ā2)F2). Using the polar form A(T1) = 1

2
a(T1)eiβ(T1), we obtain

á = −1

8
a3ξ +

1

2
aα+

1

ωo
(
F1

2
− a2F2

8
+
a4F2

128
) sin γ, (3.3)

aγ′ =
3a3α2

8ωo
+ aσ +

1

ωo
(
F1

2
− a2F2

8
+
a4F2

128
) cos γ, (3.4)

where γ = σT1 − β for steady state solution, á = γ́ = 0, in Eqs.(3.3) and (3.4), we obtain

1

ωo
(
F1

2
− a2F2

8
+
a4F2

128
) sin γ =

1

8
a3ξ − 1

2
aα (3.5)

1

ωo
(
F1

2
− a2F2

8
+
a4F2

128
) cos γ = −aσ − 3a3α2

8ωo
(3.6)
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Eqs.(3.5) and (3.6) show that there are no trivial solution at a = 0. For non-trivial solution i.e. at a 6= 0,
eliminating γ from Eq.(3.5) and Eq.(3.6), we get the following the frequency-response equation

(
1

8
a3ξ − 1

2
aα)2 + (aσ +

3a3α2

8ωo
)2 = (

1

ωo
(
F1

2
− a2F2

8
+
a4F2

128
))2 (3.7)

i.e.

σ =
−48a4α2ωo ±

√
z4F 2

1 + z1F1F2 + z2F 2
2 + z3

128a2ω2
o

, (3.8)

where z1 = (−2048a4 + 128a6)ω2
o , z2 = (256a6 − 32a8 + a10)ω2

o ,
z3 = (−256a8ζ2 + 2048a6ζα− 4096a4α2)ω4

o and z4 = 4096a2ω2
o .

A first-order approximation for the solution of Eq.(2.1) can be derived as

x = a cos(Ωt− γ) +O(ε) (3.9)

To determined the stability of the nontrivial solution, let

a = ao + a1(T1) & γ = γo + γ1(T1), (3.10)

where ao and γo are given by Eqs.(3.5) and (3.6). Inserting Eq.(3.10) into Eq.(3.3) and Eq.(3.4) and
using Eqs.(3.5) and (3.6) and keeping only the linear terms in a1 and γ1, we get

á1 =
(ρ1F1 + ρ1F2)

ρ8
a1 +

(ρ3F1 + ρ4F4)

ρ8
γ1 (3.11)

γ́1 =
(ρ5F1 + ρ6F2)

aoρ8
a1 + (ρ7)γ1 (3.12)

where ρ1 = −192a2
oξωo + 256αωo, ρ2 = 16a4

oξωo + a6
oξωo + 64a2

oαωo − 12a4
oαωo,

ρ3 = −192a3
oα2 − 512aoσωo,

ρ4 = 48a5
oα2 − 3a7

oα2 + 128a3
oσωo − 8a5

oσωo,
ρ5 = 64(9a2

oα2 + 8σωo), ρ6 = −a2
o(3a

2
o(16 + a2

o)α2 + 8(−16 + 3a2
o)σωo),

ρ7 = −a
2
oξ−4α

8
and ρ8 = 8(64F1 − 16a2

oF2 + a4
oF2)ωo

Eqs.(3.11) and (3.12) admit solution of the form (a1, φ1) ∝ (c1, c2)eθT1 where (c1, c2) are constants.
Provided that,

θ = z17 ±
1

8

√
1

z2
5ω

2
o

(z18 + z19 + z20 + +z13F1F2ω2
o), (3.13)

where

z5 = 64F1 − 16a2F2 + a4F2, z6 = −110592a4, z7 = 36864a6 − 1152a8,
z8 = −2304a8 + 9a12, z9 = −393216a2, z10 = 98304a4,
z11 = −1536a8 + 96a10, z12 = 4096a4ζ2 − 262144σ2,
z13 = −128a8b2 − 8192a4ξα+ 1024a6ξα+ 8192a4σ2,
z14 = a12ξ + 128a8α− 16a10α, z15 = 4096a4 − 1024a6 + 64a8,

z16 = 16384a4 − 4096a6 + 192a8, z17 = −32a2ξF1+64αF1+4a4ξF2−a4αF2
2z5

,

z18 = z6F
2
1 α

2
2 + z12ω

2
o , z19 = (z7F1 + z8F2)F2α

2
2, z20 = (z9F1 + z10F2)σF1α2ωo

and

z21 = z11σF
2
2 α2ωo + z14ξF

2
2 ω

2
o + z15α

2F 2
2 ω

2
0 + z16σ

2F 2
2 ω

2
o .

Consequently, a solution is stable if and only if the real parts of eigenvalues Eq.(3.13) are less than
or equal to zero.
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4 SUBHARMONIC SOLUTION OF ORDER (1
2) (Ω ≈ 2ωo)

In this section, we study subharmonic solution of order 1
2
. i.e periodic solutions with period equal two

multiple of the period of the excitation term i.e (Ω ≈ 2ωo). Introducing the detuning parameter σ1 to
convert the small divisor term into secular term in Eq.(2.7).
i.e

Ω = 2ωo + εσ1, (4.1)

and, we can write
(Ω− ωo)To = ωoTo + εσ1To = ωoTo + σ1T1. (4.2)

Using Eq.(4.2), the small-divisor term arising from ei(Ω−2ωo) in Eq.(2.7) can be transformed into a
secular term. Then, eliminating the secular terms yield

− 2iωoA
′ + iαAωo + 3A2α2Ā− iξA2ωoĀ+

1

2
hĀeiσ1T1 = 0. (4.3)

By using

A(T1) =
1

2
a(T1)eiβ(T1), (4.4)

where a and β are real. Inserting Eq.(4.4) into Eq.(4.3) are real and imaginary parts, we obtain

á = −1

8
a3ξ +

1

2
aα+

1

4ωo
ah sinφ. (4.5)

aφ́ =
3a3α2

4ωo
+ aσ1 +

1

2ωo
ah cosφ, (4.6)

where a and φ are the amplitude and the phase,

φ = σ1T1 − 2β. (4.7)

It is obvious that, Eqs.(4.5) and (4.6) have a trivial solution which of corresponds to the trivial steady
state solution. Non-trivial steady state solution correspond to the non-trivial fixed points (Equilibrium
points) of Eqs.(4.5) and (4.6). That is, they satisfy á = φ́ = 0, and are given by

1

4ωo
aoh sinφo =

1

8
a3
oξ −

1

2
aoα. (4.8)

1

4ωo
aoh cosφo = −3a3

oα2

8ωo
− 1

2
aoσ1. (4.9)

Eliminating sinφo and cosφo from Eqs.(4.8) and (4.9) yields the frequency-response equation

(
1

8
a3
oξ −

1

2
aoα)2 + (−3a3

oα2

8ωo
− 1

2
aoσ1)2 = (

1

4ωo
aoh)2 (4.10)

i.e.

σ1 =
−3a2α2ωo ±

√
4h2ω2

o − a4ξ2ω4
o + 8a2ξαω4

o − 16α2ω4
o

4ω2
o

(4.11)

Then, the first-order uniform expansion of the solution (first approximation) of Eq.(2.1) is given by

x = a cos(
1

2
Ωt− 1

2
φ) +O(ε) (4.12)

The analysis of the stability of the trivial solutions is equivalent to the analysis of the linear solutions
of Eq.(4.3) by neglecting the nonlinear terms we get

− 2iωoA
′ + iαAωo +

1

2
hĀeiσ1T1 = 0 (4.13)

5
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To determine the stability of the trivial steady state solution, it is convenient to rewrite A in the form

A = (B(T1) + ib(T1))e
1
2
iσ1(T1), (4.14)

where B and b are real and imaginary parts and get

b́+
α

2
b− Γ1B = 0, (4.15)

B́ − α

2
B − Γ2b = 0, (4.16)

where Γ1 = (
ωoσ1+ 1

2
h

2ωo
) and Γ2 = (

ωoσ1− 1
2
h

2ωo
). Eqs.(4.15)and(4.16) admit solution of the form (B, b) ∝

(B, b)eθoT1 , where (B, b) are constant. The eigenvalues of the coefficient matrix of Eqs.(4.15) and
(4.16) are

θo = ±
√
α2

4
+ Γ1Γ2. (4.17)

Then, the trivial solution is stable if the real parts of both eigenvalues are less than or equal zero. To
determine the stability of the non-trivial steady state solutions given by Eqs.(4.8) and (4.9). Let

a = ao + a1(T1) & φ = φo + φ1(T1), (4.18)

where ao and φo correspond to a nontrivial steady state solutions and a1 and φ1 are perturbations
which are assumed to be small compared with ao and φo. Substituting Eq.(4.18) into Eqs.(4.5) and
(4.6) and linearizing the resulting equations, we obtain

á1 = −(
a2
oξ

4
)a1 − (

3a3
oα2 + 2aoσ1ωo

8ωo
)φ1, (4.19)

φ́1 = −(
3aoα2

2ωo
)a1 − (

a2
oξ − 4α

4
)φ1. (4.20)

Substituting a1 = Γ1e
θT1 and γ11 = Γ2e

θT1 into Eq.(4.19) and Eq.(4.20). We get

Γ1(−6a0α2) + Γ2(
(
a20b− 4α+ 4θ

)
ω0) = 0,

Γ1

(
2a20bω0 + 8θω0

)
+ Γ2

(
3a30α2 + 4a0σω0

)
= 0.

(4.21)

For the nontrivial solution, the determinant of the coefficient matrix for Γ1 and Γ2 must
vanish, which leads to a quadratic equation for the eigenvalue θ.

θ =
1

4
(−a2ξ + 2α)±

√
−3(3a2α2 + 4σ1ωo)a2α2 + 4α2ω2

o

16ω2
o

(4.22)

The solution is stable if and only if the real part of each of the eigenvalues of the coefficient
of the matrix are less than or equal to zero.

5 SUBHARMONIC SOLUTION OF ORDER (1
3) (Ω ≈ 3ωo)

In this section, we study subharmonic solution of order 1
3 i.e the periodic solution with

period equal two multiple of the period of the excitation term i.e (Ω ≈ 3ωo). Introducing the
detuning parameter σ2 to convert the small divisor term into secular term in Eq.(2.7).
i.e

Ω = 3ωo + εσ2, (5.1)

6
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so, we get
(Ω− 2ωo)To = ωoTo + tσ2To = ωoTo + σ2T1. (5.2)

Eliminating the secular terms form the Eq.(5.2) yields

− 2iωoA
′ + iαAωo + 3A2α2Ā− iξA2ωoĀ−

1

4
(1− 1

3
Ā)F2Ā

2eiσ2T1 = 0 (5.3)

Using the polar form A(T1) = 1
2a(T1)eiβ(T1), we obtain

á = −(
1

16ωo
a2F2 −

a4F2

192ωo
) sinψ − 1

8
a3ξ +

1

2
aα, (5.4)

aψ′ = −(
3

16ωo
a2F2 −

3a4F2

192ωo
) cosψ +

9a3α2

8ωo
+ aσ2, (5.5)

where a, ψ are the amplitude and the phase and ψ = σ2T1 − 3β. for steady state solution,
á = ψ́ = 0, in Eqs.(5.4) and (5.5) we obtain

(
1

16ωo
a2oF2 −

a4oF2

192ωo
) sinψo = −1

8
a3oξ +

1

2
aoα. (5.6)

(
1

16ωo
a2oF2 −

a4oF2

192ωo
) cosψo =

3a3oα2

8ωo
+

1

3
aoσ2. (5.7)

Equations (5.6)and(5.7)show that there are two possibilities: (trivial solution) at a = 0 and
(nontrivial solution) at a 6= 0. Squaring and adding Eqs.(5.6)and(5.7) we get the frequency-
response equation

σ2 =
−72a2α2ωo ±

√
∆1F 2

2 ω
2
o + ∆2ω4

o

64ω2
o

, (5.8)

where

∆1 = 144a2 − 24a4 + a6,∆2 = −576a4ξ2 + 4608a2ξα− 9216α2.
Then, the first-order uniform expansion of the solution (first approximation) of Eq.(2.1) is
given by

x = a cos(
1

3
Ωt− 1

3
ψ) +O(ε) (5.9)

Now, the analysis of the stability of the trivial solutions is determined as in the preceding
section (4), so we get the eigenvalues equation obtained as

θo = ±
√
α2

4
− (

σ2
2

)2. (5.10)

The solution is unstable if and only if the real part of the fixed points are positive. To
determine the stability of the nontrivial solutions, we use the averaged Eq.(5.4) and Eq.(5.5)
when the last term in these equations does not exist and let the nontrivial solutions have
small variation from the steady state solutions ao and γ20 so that

a(T1) = a0 + a1(T1) & γ2(T1) = γ20 + γ22(T1), (5.11)

7
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where a1 and γ11 are assumed to be infinitesimal. Thus, the solution of Eqs. (5.4) and (5.5)
are stable or unstable depending on whether the functions a1 and γ11 decay or grow with
timeT1. Inserting Eq.(5.11) into Eqs.(5.6) and (5.7) when the terms containing γ2 in these
equations does not exist and keeping only linear terms in the perturbed quantities, using
steady-state Eqs.(5.6) and (5.7), we obtain

á1 =
(36a20bω0 + 3a40bω0 + 144αω0 − 36a20αω0)

24
(
−12 + a02

)
ω0

a1

+
(108a30α2 − 9a50α2 + 96a0σω0 − 8a30σω0)

24(−12 + a20)ω0
γ22

(5.12)

γ́2 = −3(36a20α2 + 3a40α2 − 32σ2ω0 + 8a20σ2ω0)

8(−12a0 + a30)ω0
a1

+
(−12a30bω0 + a50bω0 + 48a0αω0 − 4a30αω0)

8(−12a0 + a30)ω0
γ22

(5.13)

Substituting a1 = Γ1e
θT1 and γ11 = Γ2e

θT1 into Eq.(5.12) and Eq.(5.13), we get

Γ2(3a50bω0 + 48a0(3α− 2θ)ω0 − 4a30(9b+ 3α− 2θ)ω0)+
Γ1(9a20(12 + a20)α2 − 96σω0 + 24a20σω0) = 0

Γ1(−3a40bω0 − 12a20(3b− 3α− 2θ)ω0 − 144(α+ 2θ)ω0)+
Γ2(9a30(−12 + a20)α2 − 96a0σω0 + 8a30σω0) = 0

(5.14)

For the nontrivial solution, the determinant of the coefficient matrix for Γ1 and Γ2 must
vanish, which leads to a quadratic equation for the eigenvalue θ.

θ =
(24− a2)a2ξ − 48α

8∆3

± 1

8

√
(

1

∆2
3ω

2
o

(∆4α
2
2 + ∆5σ2α2ωo + (∆6ξ

2 + ∆7ξα+ ∆8α
2 + ∆9σ2)2ω2

o)),

(5.15)

where

∆3 = −12 + a2,∆4 = −3888a4 + 27a8,∆5 = −1152a4 + 96a6,
∆6 = 144a4 − 48a6 + 4a8,∆7 = −2304a2 + 672a4 − 48a6,
∆8 = 9216− 2304a2 + 144a4 and ∆9 = 3072− 1024a2 + 64a4.

Consequently, a solution is stable if and only if the real parts of both eigenvalues Eq.(5.15)
are less than or equal to zero.

6 NUMERICAL RESULTS AND
DISCUSSIONS

By solving equations of the frequency
response Eqs.(4.11) and (5.8) and stability
conditions (4.17), (4.22), (5.10) and (5.15)
numerically and plotting the numerical
results in group of figures, we have Figs. (1-

6) represent the frequency-response curves
of the harmonic solution for the parameters
(ωo = 0.7, ξ = 10, h = 0.01, α = −0.5, F1 =
2, F2 = 0.5, α2 = 0.2).

In Fig. (1), we observe the response
amplitude has single-valued curve and
all solutions are stable. The maximum

8
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point exist at σ = 0. For increasing
and decreasing the damping factor α with
negative value, we note that the single-
valued curve shifts upward and downward
so that the maximum value has increased
and decreased magnitudes respectively,
Fig. (2). When the coefficient of cubic
term α2 is decreased with negative value
and increased with positive value, we note
that the response amplitude is bent to the
right and left and has harding and softing
phenomena. The maximum points are exist
at σ = 1.024, σ = 0.67 and σ = 0.95, Fig. (3).
As the nature frequency ωo take the values
0.7 and 5, we observe that the response
amplitude shift upward and downward and
has increased and decreased maximum
value at σ = 0, Fig. (4). Fig. (5), when
the coefficient of parametric excitation F2

is decreased and increased with negative
and positive values respectively, we get the
same variation as in Fig. (2) and Fig. (6).

Figs. (7-13) represent the frequency-
response curves of subharmonic solution of
order ( 12 ) for the parameters (ωo = 0.09, ξ =
0.1, h = 0.01, α = 0.02, α2 = −0.04).

In Fig. (7), the response amplitude has
multivalued curve so that the left branch
has stable and unstable solution and the
right branch has unstable solutions. There
exist a harding phenomena because the
multivalued curve is bent to the right. When
α = 0.1, we note that the multivaled
curve is expanding and containing the
main multivalued curve. The regions
of multivalued, stability and stability are
increased, Fig. (8). As α2 = 0.04, we note
that the multivalued curve shifts to the left
and the zones of multivalued and definition
are decreased. For further increase of
α2, the multivalued curve shifts to the
left and the zones of stability, multivalued
and definition are increased. There exist
a softing phenomena, Fig. (9). When
α2 is increased with negative value, the
multivalued curve is expanded and shift to
the right. The region of stability multivalued

and definition are increased, Fig. (10).
As ωo = 0.1, the multivalued curve shifts
to right, Fig. (11). For increasing the
coefficient of parametric excitation h, we
observe the multivalued curve contracted
and lies inside the main multivalued curve,
Fig. (12). The regions of multivalued,
stability and definition are decreased, Fig.
(13).

Figs. (14-20) represent the frequency-
response curves of subharmonic solution of
order (one-to-third) for the parameters (ωo =
0.9, ξ = 7, F2 = 8, α = 0.2, α2 = −10).

In Fig. (14), the response amplitude has
oval which is bent to the right and there
exist a harding phenomena. The left branch
has stable and unstable solution and the
right branch has unstable solutions. As α2

is increased and decreased with negative
values, we note that the oval shifts to the
left and to the right so that the regions
of multivalued, stability and definition are
decreased and increased respectively, Fig.
(15). When α2 takes the values (5, 10, 15),
we note that, the oval is bents to the left
respectively and has softing phenomena,
Fig. (16). For increasing α, we note
that the oval expanding and contracted
which lies outside and inside the main oval
respectively. The regions of multivalued,
stability and definition are increased and
decreased respectively, Fig.(17). As F2 =
2, the oval contracted and given a small
oval lies in the main oval so that the zones
of definition, multivalued and stability are
decreased. When F2 increased, the oval
is expanded which containing the main oval
so that the zones of definition, multivalued
and stability are increased, Fig. (18). For
decreases and increases ξ, we get the
same variation as in Fig. (18)and Fig.
(19). When ωo takes the value (0.7, 1.7),
we observe that the oval expanding and
contracted and shifts to the downward and
upward respectively. The zones of definition,
multivalued and stability are increased and
decreased respectively, Fig. (20).
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Fig. 1. The frequency response curves of the harmonic solution for the parameters
(ωo = 0.7, ξ = 10, F1 = 2, F2 = 0.5, α = −0.5, α2 = 0.2
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Fig. 2. Variation of the amplitude of the response with the detuning parameter for increasing
and decreasing α
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Fig. 3. Variation of the amplitude of the
response with the detuning parameter

for increasing and decreasing α2
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Fig. 4. Variation of the amplitude of the
response with the detuning parameter

for increasing and decreasing ωo
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Fig. 5. Variation of the amplitude of the
response with the detuning parameter

for increasing and decreasing F1
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Fig. 6. Variation of the amplitude of the
response with the detuning parameter

for increasing and decreasing F2
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Fig. 7. The frequency response curves of the subharmonic solution of order 1
2

for the
parameters [ωo = 0.09, ξ = 0.1, h = 0.01, α = 0.02, α2 = −0.04 ]
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Fig. 8. Variation of the amplitude of the
response with the detuning parameter

for increasing α2
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Fig. 9. Variation of the amplitude of the
response with the detuning parameter

for decreasing α2
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Fig. 10. Variation of the amplitude of the
response with the detuning parameter

for increasing and decreasing α
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Fig. 11. Variation of the amplitude of the
response with the detuning parameter

for increasing and decreasing ωo
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Fig. 12. Variation of the amplitude of the response with the detuning parameter for increasing
and decreasing h

×
×
××××××××××××××××××

×
×
××
××
×××

××

×
×××××××××××××××××××

×
××
××
×××

×××
×××

××××
××××

××××
×××××

×××××
×××××

××××××
××××××

××××××
××××××

×××××××
×××××××

×××××××
×××××××

××

×××
××××

××××
××××

×××××
×××××

×××××
××××××

××××××
××××××

×××××××
×××××××

××××××××
××××××××

×××××××××
××××××××Ξ= 0.1

×

×
×

×
×

× ×

×

×
×

×

×
×

×
×

× ×

×
×

×
×

× × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × ×

×
× × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × ×

Ξ= 0.05

0.0 0.5 1.0 1.5 2.0
0.0

0.5

1.0

1.5

2.0

2.5

Σ1

a

Fig. 13. Variation of the amplitude of the response with the detuning parameter for increasing
and decreasing ξ

12



El-Naggar et al.; JSRR, 13(6), 1-15, 2017; Article no.JSRR.32122

×
×
× ×

× × × × × × × × × × × × ×

× × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × ×

×
×
× × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × × ×coffe.>0

0 2 4 6
0.0

0.2

0.4

0.6

0.8

1.0

Σ2

a

Fig. 14. The frequency response curves of subharmonic solution of order 1
3

for the
parameters [ωo = 0.9, ξ = 7, F2 = 8, α = 0.2, α2 = −10]
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Fig. 15. Variation of the amplitude of
the response with the detuning

parameter for increasing α2
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Fig. 16. Variation of the amplitude of
the response with the detuning
parameter for decreasing α2
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Fig. 17. Variation of the amplitude of the
response with the detuning parameter

for increasing and decreasing α
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Fig. 18. Variation of the amplitude of the
response with the detuning parameter

for increasing and decreasing F2
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Fig. 19. Variation of the amplitude of the response with the detuning parameter for increasing
and decreasing ξ
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Fig. 20. Variation of the amplitude of the response with the detuning parameter for increasing
and decreasing ωo

7 CONCLUSION

In this paper, we have investigated an
analytically of harmonic and subharmonic
solutions of order 1

2 and 1
3 for a weakly

nonlinear second order differential equation
which governed modified Mathieu-van
der PolDuffing equation. The method of
multiple scales is used to determine the first
approximate of the solution and two first
order ordinary differential equations which
describe the modulation of the amplitude
and the phase. Steady state solution and its
stability are obtained. Numerical solutions
of the frequency response equation and the
stability equation are carried out for different
values of the parameters in the equation.

Results are represented in a group of figures
in which solid curves (dashed) are denoted
stable (unstable) solutions.
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